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1 INTRODUCTION 3
1 Introduction
One of the central problems in Kahler Geometry is to nd canonical metrics on a given
compact Kahler manifold. After the uniformization theorem of Riemannian surfaces, the
rst result in this line was given by Aubin [2] and Yau [56] in 1970's. They showed the
existence of Kahler Einstein metrics on compact Kahler manifolds with zero or negative
rst Chern class. Kahler Einstein metrics are Kahler metrics whose Ricci curvature is
proportional to itself. Compact Kahler manifolds with positive rst Chern class are
called Fano manifolds. In general, Fano manifolds do not always admit Kahler Einstein
metrics. In fact, in 1980's, Futaki [29] introduced an integral invariant, called the Futaki
invariant in nowadays, and showed that the vanishing of the invariant is an obstruction
to the existence of Kahler Einstein metrics. The remaining problem had been to nd
necessary and sucient conditions for their existence.
Two approaches, so-called \Analytic criterions" and \Algebro-Geometric criterions",
were developed to attack the above problem. The analytic criterions concerns energy
functionals which characterize Kahler Einstein metrics as their critical points on the space
of Kahler metrics. The Mabuchi functional [36] and the Ding functional [22] are well
known as such energy functionals. In 1990's, Tian [51] established the equivalence between
the existence of Kahler Einstein metrics and the properness of the Ding functional. After
that, the equivalence among them and the properness of the Mabuchi functional were
established by, for instance, Phong-Sturm-Song-Weinkove [46], Rubinstein [47], Darvas-
Rubinstein [17] and Berman-Boucksom-Eyssidieux-Guedj-Zeriahi [6].
On the other hand, the algebro-geometric criterion concerns K-stability which de-
ned in the literature of geometric invariant theory. The notion of K-stability was
rst introduced by Tian [51] in 1990's as a generalization of the Futaki's obstruction.
After that, Donaldson [23] re-dened K-stability for polarized algebraic manifolds in
algebro-geometric way to t into geometric invariant theory. In 2010's, the equiva-
lence between the existence of Kahler Einstein metrics and K-stability was established by
Chen-Donaldson-Sun [12, 13, 14] (method of conical Kahler metrics), Berman-Boucksom-
Jonsson [7] (method of variations), Chen-Sun-Wang [15] (method of Ricci ows), Datar-
Szekelyhidi [18] (method of continuity path) and Demailly [19] (method of variations).
After the Kahler Einstein problem, some generalizations are being studying. A large
stream is about constant scalar curvature Kahler metrics on polarized algebraic mani-
folds. Similar to the Kahler Einstein case, the vanishing of the Futaki invariant is also
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an obstruction to the existence of them, and the Mabuchi functional also characterizes
them as its critical points. In view of the analytic criterion, Tian [50, 52] conjectured that
the existence of them is equivalent to the properness of the Mabuchi functional. However
this conjecture is still open. In view of the algebro-geometric criterion, Szekelyhidi [49]
pointed out that the condition of K-stability is too weak to imply the existence of constant
scalar curvature Kahler metrics. Szekelyhidi [49] introduced a stronger stability condi-
tion called the uniform K-stability, and this stronger stability were developed recently
by Dervan [20, 21], Berman-Boucksom-Jonsson [7], Boucksom-Hisamoto-Jonsson [9, 10],
Darvas-Rubinstein [17], Berman-Darvas-Lu [8] and Hisamoto [33]. In particular, Berman-
Darvas-Lu [8] showed that if the automorphism group is discrete, any polarized manifold
admitting a constant scalar curvature Kahler metric is uniformly K-stable. However its
equivalence to the existence of them is still an open problem.
2 Results in this thesis: Generalized Kahler Einstein
metrics
The notion of generalized Kahler Einstein metrics, introduced by Mabuchi [37] in 2000, is
a generalization of Kahler Einstein metrics for Fano manifolds with non-vanishing Futaki
invariant. Recently, Yao [55] pointed out that this metric arises naturally in a Donaldson's
new geometric invariant theoretic picture [26] for Fano manifolds. This brings a new
interest to study generalized Kahler Einstein metrics.
2.1 Hessian of the Ricci Calabi functional
The rst result of this thesis is a generalization of Yao's work [55]. Yao showed that
Generalized Kahler Einstein metrics are equal to critical points of L2-norm of the corre-
sponding moment map in Donaldson's GIT picture. The norm squared of the moment
map is in fact a functional, called Ricci Calabi functional, on the space of Kahler metrics
on a given Fano manifold, which is dened as follows:
ERC(!) =
Z
X
(1  ef!)2!n:
Then we show the followings:
Theorem 2.1. ([43, Theorem 1.1 & Corollary 1.2]) The Hessian of the Ricci Calabi
functional is non-negative at every generalized Kahler Einstein metric.
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Remark 2.2. Similar results for the Hessian formula and the non-negativity of the Hes-
sian were observed for various functionals and its critical Kahler metrics. See for instance,
[11, 53, 32] (for the Calabi functional and the extremal Kahler metric), [30] (for a Calabi's
type functional and the perturbed extremal Kahler metric), [27] (for the He functional
and the Kahler Ricci soliton) and [31] (for a Calabi's type functional and the f -extremal
Kahler metric).
In the original thesis, as an application of the above theorem, we give another proof
of Matsushima-Lichnerowicz-Calabi's type decomposition theorem for holomorphic vector
elds, which was originally proved by Mabuchi [37]. We also discuss the relation to the
convergence of a geometric ow, called the inverse Monge-Ampere ow, which was very
recently developed by Collins-Hisamoto-Takahashi [16].
2.2 Generalized Kahler Einstein metrics and uniform stability
for toric Fano manifolds
The second result of this thesis is a complete criterion for the existence of generalized
Kahler Einstein metrics on toric Fano manifolds from both analytic and algebro-geometric
points of view. In the following, we x the notation for toric Fano manifolds to state the
criterian. Let X be an n-dimensional toric Fano manifold, and 4 be the open convex set
in Rn such that the closure 4 is the reexive integral Delzant polytope corresponding to
X. Note that 0 2 Rn is the only integral point in 4. Let (C)n = (S1)nRn be the open
dense orbit in X, and i := log jzij2 be the coordinate of Rn, where fzig is the standard
coordinate of (C)n.
Let !0 2 2c1(X) be an (S1)n-invariant reference Kahler metirc on X. It is well-
known that there exists a smooth convex function 0 = 0(1; : : : ; n) on Rn such that
!0 =
p 1@@0 holds on (C)n. Let u0 be the Legendre dual of 0, that is,
u0(x) = sup
2Rn
(x     0()):
Then u0 is a smooth convex function on 4. Let
C :=  u 2 C0(4)  u is convex on 4 and, u  u0 2 C1(4) 	 ;
and let
~C := fu 2 C j u  u(0) = 0 g :
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Abreu [1] showed that there is the bijection between C and the space of (S1)n-invariant
Kahler metrics in [!0] = 2c1(X).
For u 2 C, we dene the modied Ding functional [55] D of X by
D(u) =   log
Z
Rn
e ( inf )d   u(0) +
Z
4
u  ldx;
where  is the Legendre dual of u, and l is the unique ane linear function on 4 such
that
 u(0) +
Z
4
u  ldx = 0
holds for any ane linear u 2 C. The critical point of the modied Ding functional is the
generalized Kahler Einstein metric [55]. We also dene the relative Ding-Futaki invariant
[55] I of X by
I(u) =  u(0) +
Z
4
u  ldx:
We dene another invariant X of X by
(2.1) X = max
4
(1  j4jl);
where j4j is the volume R4 dx. Originally the invariant X was introduced by Mabuchi
[37] for general Fano manifolds as an obstruction to the existence of Generalized Kahler
Einstein metrics. Mabuchi showed that if X admits Generalized Kahler Einstein metrics
then X < 1 holds. For toric Fano manifolds, Yao [55] gave the above explicit formula
(2.1).
The criterion for the existence of Generalized Kahler Einstein metrics for toric Fano
manifolds are as follows:
Theorem 2.3. ([41, Theorem 1.1]) Let X be a toric Fano manifold. The followings are
equivalent.
1. X admits a unique toric invariant generalized Kahler Einstein metic.
2. X < 1.
3. X is uniform relative Ding stable. Namely, there exists a constant  > 0 such that
I(u)  
Z
4
udx
holds for any u 2 ~C.
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4. The modied Ding functional D of X is proper. Namely, there exists an increasing
function (r) on R with the property limr!1 (r) =1 such that
D(u)  
Z
4
udx

holds for any u 2 ~C.
Note that the implication 1 ) 2 is a result by Mabuchi [37] for general Fano manifolds.
Note also that the converse 2 ) 1 is a result by Yao [55]. The author's main contribution
is introducing the notion of the uniform relative Ding stability for toric Fano manifolds,
and is also the discussion of the condition 3 and 4. Although the uniform relative Ding
stability can be applied for only toric Fano manifolds, the properness of the modied Ding
functional can be considered for general Fano manifolds, not necessarily toric. Thus these
lines to attack the existence problem of generalized Kahler Einstein metrics are expected
to extend for general Fano manifolds.
Remark 2.4. The uniform relative Ding stability can be regarded as a generalization
of the uniform Ding stability for Kahler Einstein metrics dened by Berman [4]. For
more recent developments around the uniform stability and the Ding stability, see for
instance Hisamoto [33] (for toric constant scalar curvature Kahler metrics), Boucksom-
Hisamoto-Jonsson [9] (for constant scalar curvature Kahler metrics), Dervan [20] (for
twisted constant scalar curvature Kahler metrics) and Fujita [28] (for the volume of Kahler
Einstein Fano manifolds).
2.3 Relative Ding stability and behavior of the modied Ding
functional for toric Fano manifolds
The third result is a characterization of the condition X  1 in terms of the behavior
of the modied Ding functional of a toric Fano manifold X. Yao [55] also introduced the
notion of the relative Ding stability for toric Fano manifolds. Therefore it is natural to
ask how the functional D behaves in this case.
Theorem 2.5. ([42, Theorem 1.3]) Let X be a toric Fano manifold. The followings are
equivalent.
1. X  1.
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2. X is relative Ding stable. Namely,
I(u)  0
holds for all u 2 ~C.
3. For any " > 0 there exists C" > 0 such that
D(u)   "
Z
4
udx  C"
holds for any u 2 ~C.
Note that the equivalence between 1 and 2 was essentially given by Yao [55]. The
author's contribution is the discussion on the condition 3. In view of Theorem 2.3, it is
natural to ask the corresponding metric in this case. In the original thesis, the author's
ideas for this question is discussed.
2.4 Pseudo-boundedness of energy functionals on the space of
Kahler metrics
The fourth result is a generalization of the behavior of the energy functional as in the
condition 3 in Theorem 2.5. As long as the author's knowledge, this kind of behavior
of energy functionals has not been observed. We generalize this behavior to the pseudo-
boundedness from below for any functionals on the space of Kahler metrics of any Kahler
manifolds. Let (X;!) be a n-dimensional compact Kahler manifold. We denote its volumeR
X
!n by V . If ! is then we dene the space of Kahler metrics in [!] by
M(!) =   2 C1(X)  ! := ! +p 1@@ > 0 	 :
If X has a compact group action G, we can assume that all metrics we consider are G-
invariant. However this assumption is not essential in this section. For any  2 M(!),
we dene the Aubin's J-functional J [3] of X by
J() =
1
V
Z 1
0
dt
Z
X
_t(!
n   !nt);
where ftgt2[0;1] is a path in M(!) connecting 0 to .
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Denition 2.6. Let f : M(!) ! R be a functional. f is pseudo-bounded from below if
for any " > 0 there exists C" > 0 such that
f()   "J()  C"
holds for any  2M(!).
Note that the condition of the pseudo-boundedness from below is weaker than that of
boudedness from below, since the Aubin's J-functional is non-negative.
Remark 2.7. For toric manifolds, the functional u 7! 1j4j
R
4 udx on
~C is essentially same
as the Aubin's J-functional [57]. Therefore the denition of the pseudo-boundedness from
below is a natural generalization of the condition 3 in Theorem 2.5.
In the following, let X be an n-dimensional Fano manifold, and ! 2 2c1(X) be a
reference Kahler metirc. We denote its volume
R
X
!n by V . Let f! be the Ricci potential
of !, that is, a function satisfying
Ric(!)  ! = p 1@@f! and
Z
X
ef!!n = V:
For a path t in M(!), we let !t := ! +
p 1@@t: We dene the Ding functional F [22]
and the Mabuchi functional M [36] on M(!) by
F () =   1
V
Z 1
0
dt
Z
X
_t!
n
t   log
 1
V
Z
X
ef! !n

;
M() =   1
V
Z 1
0
dt
Z
X
_t(S(!t)  n)!nt ;
where ftgt2[0;1] is a path in M(!) connecting 0 to , and S(!) is the scalar curvature
for !. These critical points are Kahler Einstein metrics.
Then we observed the following.
Theorem 2.8. ([42, Theorem 1.4]) Let X be a Fano manifold. Then the pseudo-boundedness
from below of the Ding functional of X implies the boundedness from below of itself. The
same statement holds for the Mabuchi functional.
In view of this theorem, it is natural to hope that the pseudo-boundedness from below
of the modied Ding functional for toric Fano manifolds implies the boundedness from
below of itself. In the original thesis, we discuss recent woks about that.
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3 Results in this thesis: Logarithmic Chow stability
3.1 Log Chow semistability for polarized toric manifolds with
toric divisors
Conical Kahler metrics is a Kahler metrics with cone singularities along a divisor. Chen-
Donaldson-Sun [12, 13, 14] used them to solve the Kahler Einstein problem. After that,
the importance and the interest for conical Kahler metrics are increasing. Let X be a
compact complex manifold, D a divisor of X, L an ample line bundle over X and  2 [0; 1]
a cone angle. There is a conjecture [34] that X has a constant scalar curvature conical
Kahler metric in c1(L) with cone angle 2 along a divisor D if and only if (X;D;L; )
is stable in a sense of geometric invariant theory. One of the diculties of this conjecture
is that there are various notions of stability. Therefore it is important to see the relation
among various stabilities and to see the relation between each stability and the existence
of constant scalar curvature conical Kahler metrics. We mainly consider the logarithmic
Chow semistability [54] and the logarithmic K-semistability [34] for the pair consists of
polarized toric manifolds and its toric divisors.
First we recall some facts on GIT stability, see for example [39]. Let V be a nite
dimensional complex vector space with linear action of a reductive Lie group G. We say
non zero vector v 2 V is G-semistable if the closure of the orbit G  v does not contain
0 2 V . It is well-known the following criterion for semistability.
Proposition 3.1. v 2 V is G-semistable if and only if v is T -semistable for all maximal
torus T  G.
Therefore it is important to study the torus action. Let T be a algebraic torus (C)N
for some N in G. Then V can be decomposed as
V =
X
2(T )
f v 2 V j t  v = (t)v; 8t 2 T g ;
where (T ) is the character group of T . Note that (T ) is isomorphic to ZN since we can
express each  2 (T ) as a Laurent monomial (t1; : : : ; tN) = ta11    taNN where ti 2 C
and ai 2 Z.
Denition 3.2. Let v =
P
2(T ) v be a non zero vector in V . The weight polytope
WtT (v) of v is the convex hull of f  2 (T ) j v 6= 0 g in (T )
Z R = RN .
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T -semistability can be understood by the weight polytope.
Proposition 3.3. v is T -semistable if and only if the weight polytopeWtT (v) of v contains
the origin.
For our porpose, we consider the following situation. Let H = (C)N+1 acting on V ,
and T be a subtorus
(3.1) T :=
  
t1; : : : ; tN ; (t1    tN) 1
  (t1; : : : ; tN) 2 (C)N 	 = (C)N :
Then the weight polytope WtT (v) is coincide with (WtH(v)), where  : RN+1 ! RN is
the linear map dened by (x1; : : : ; xN+1) 7! (x1   xN+1; : : : ; xN   xN+1). Therefore we
see the following.
Proposition 3.4. v is T -semistable if and only if there exists t 2 R such that (t; : : : ; t) 2
WtH(v).
We next recall the denition of the Chow form of projective varieties. See [38, 39] for
more details. Let V be a nite dimensional complex vector space, and X  P(V ) be an
n-dimensional irreducible projective variety of degree d. Then
ZX :=

(H0; : : : ; Hn) 2 P(V )n+1
 (\ni=0Hi) \X 6= ; 	
has codimension 1 in P(V )n+1, and its multi-dergree is (d; : : : ; d). Thus there exists the
Chow form RX 2 (SymdV )
(n+1), unique up to scalar multiplication, which vanishes on
ZX .
Although (SymdV )
(n+1) has the natural SL(V )-action induced from the natural
SL(V )-action on P(V ), we introduce a twisted action SL(V )(SymdV )
(n+1) ! (SymdV )
(n+1)
in order to dene the log Chow semistability. For the xed  2 R, we dene as (exp u; v) 7!
exp(u)v, where u 2 Lie(SL(V )) and the action of exp(u) for v is the natural one. Then
we dene R
()
X as the Chow form of X with -twisted SL(V )-action. Note that R
(1)
X is
the ordinary Chow form RX with the natural SL(V )-action.
Let X be as above and D be a irreducible divisor of degree d0 on X and  2 [0; 1].
Following Wang and Xu [54], we next dene the log Chow semistability. This stability
was introduced in [35, 54] to study a compactication of the moduli space of log pairs
(X;D; ). See also [24, 48] for view points of dierential geometry of balanced points.
Denition 3.5. The pair (X;D; ) is log Chow semistable if R
(2n!)
X 
 R((1 )(n+1)!)D is
SL(V )-semistable in (SymdV )
(n+1) 
 (Symd0V )
n. The pair (X;D; ) is log Chow un-
stable if it is not log Chow semistable.
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Denition 3.6. Let (X;L) be a polarized variety, D be a irreducible divisor onX and  2
[0; 1]. For k  0, the pair (X;D;Lk; ) is log Chow semistable if ('k(X); 'k(D); ) is log
Chow semistable where 'k : X ! P(H0(X;Lk)) is the Kodaira embedding. Furthermore,
(X;D;L; ) is asymptotically log Chow semistable if (X;D;Lk; ) is log Chow semistable
for all k  0. Asymptotically log Chow unstable means not asymptotically log Chow
semistable.
Remark 3.7. (1) If we take  = 1 then the log Chow semistability is quivalent to the
Chow semistaility of X dened in [38, 39].
(2) The ratio 2n! : (1  )(n + 1)! is chosen to associate the log K-semistability with
the asymptotic log Chow semistability.
(3) The log Chow semistability can be extended to a sum of R-divisors D =
P
i(1  
i)Di, where Di are deerent irreducible divisors and i 2 [0; 1] by considering the tensor
product R
(2n!)
X 
 (
iR((1 i)(n+1)!)Di )
It is well-known that the one to one correspondence between n-dimensional integral
Delzant polytopes and n-dimensional compact toric manifolds with its (C)n-equivariant
very ample line bundle. It is also well-known that every facet of a integral Delzant polytope
corresponds to a divisor, called toric divisor, which is invariant under (C)n-action. Let
EP (i) := #fP \ (Z=i)ng, and let TiP be the standard complex torus in SL(EP (i)). The
following is the fth result in this thesis.
Theorem 3.8. ([40, Theorem 1.1]) Let P  Rn be an n-dim integral Delzant polytope,
F a facet of P and  2 (0; 1] a cone angle. For any positive integer i, the Chow form of
(XP ; DF ; L
i
P ; ) is TiP -semistable if and only if
EP (i)

2i
Z
P
gd + (1  )
Z
F
gd



2iVol(P ) + (1  )Vol(F )
 X
a2P\(Z=i)n
g(a)
holds for all concave piecewise linear function g : P ! R in PL(P; i).
In the original thesis, as an application of this theorem, we see that for any polarized
toric manifolds with toric divisors, the asymptotic log Chow semistability implies log K-
semistability. We also see that there is an asymptotically log Chow unstable toric Fano
manifold with a conical Kahler Einstein metric.
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